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Homogeneous arcwise connected metric continua are shown to, in effect, be arcwise connected 
by arcs of bounded length. Specifically, for any positive E, there is a natural number n such that 
every two points can be joined by an arc which is the union of n subarcs of diameter less than E. 
K. Kuperberg has asked whether every homogeneous arcwise connected con- 
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tinuum is locally connected. This problem remains unsolved, but it will be shown 
here that homogeneous arcwise connected continua have a weak form of uniform 
path connectedness, indicating that one need not use arcs which are too wildly 
oscillatory to connect pairs of points in such a continuum. The Warsaw circle, for 
example, does not have this property, while every locally connected continuum and 
every contractible continuum does. 
A continuum here means a compact, connected metric space. A topological space 
is homogeneous provided that for every x, y E X, there is a homeomorphism h : X + X 
such that h(x) = y. I is the interval [0, 11. From now on, the letter X denotes a 
continuum. If w : I + X is a path, n is a positive integer, and E > 0, we say that w 
has E-length less than or equal to n if and only if there is an increasing sequence 
(Xi):=0 of n + 1 points in I such that x0 = 0, x, = 1, and for every i 2 1, the diameter 
of w[Xi_l, Xi] is less than E. The sequence (Xi):=0 is said to realize an E-length of n 
for w. (Thus, the E-length of w is the smallest n such that there exists a sequence 
realizing an E-length of n for w.) 
A path o : 1+X is a path from x if w(O) =x and is a path to x if w(l) = x. A 
path joining x and y is a path from either to the other. X’ is the family of all paths 
in X with the compact open topology, and if p E X, X’(p) denotes the subspace 
of paths from p. 
Kuperberg [4] has defined a continuum X to be uniformly path connected, or 
u.p.c., provided there exists a family P of paths in X such that the following hold: 
(i) For every x, y E X there is a path w E P joining x and y. 
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(ii) For every E > 0 there exists a natural number n such that every w E P has 
s-length s n. 
In the same paper, Kuperberg showed that a continuum X is a continuous image 
of the cone over the Cantor set if and only if X is u.p.c. 
The property used there is related to, but perhaps weaker than, uniform path 
connectedness. A continuum X is connected by uniformly short paths (c.u.s.P.) if 
and only if for every E > 0 there is a natural number n such that for every x, y E X, 
there is a path of E-length less than or equal to n joining x to y. 
It is easy to see that every u.p.c. continuum is C.U.S.P. The converse of this statement 
is open. 
A set A c X is an analytic set provided A is a continuous image of the space of 
irrationals, or equivalently a continuous image of a Bore1 subset of some complete 
separable metric space. A has the Baire property [5, p. 871 provided that there exists 
an open set 0 such that (A - 0) u (0 -A) is first category. The largest such 0 is 
the quasi-interior of A. The fact which we shall need in this paper is that an analytic 
set has the Baire property, and thus is second category if and only if it has nonempty 
quasi-interior. 
Lemma 1. If E > 0, w E X1, and w has e-length s n, then for some 6 <e, w has 
a-length s n as well. 
Proof. Let (xi):_0 be a sequence realizing an s-length of n for w. Then if r is the 
maximum of the diameters of w[xi_i, Xi], it follows that r< E. Consequently, any 
S with r < 6 < F satisfies the requirement. 0 
Lemma 2. If 6 > E > 0 and w E X1 has e-length less than or equal to n, then w also 
has &length 6 n. 
Proof. This is clear. Cl 
If o is a path in X from x to y and u a path from y to z, the juxtaposition path 
w*u is the path from x to z defined by 
w*a(t) = o(2t), t E LO, $1 
=a(2t-1), tE (i, 11. 
Lemma 3. If w is a path from x to y and u a path from y to z; and o has e-length s n 
while cr has e-length s m, then w*u has e-length s n + m. 
Proof. This is also clear. 0 
Let X be a continuum and p E X. W( E, n) denotes the set {w E X’ ( w has s-length G 
n}and W(e,n;p)= W(~,n)nX’(p).ThemapE:X’(p)-+XisdefinedbyE(w)= 
@(I). 
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Lemma 4. For any E > 0 and any natural number n, W( E, n; p) E W( E, n + 1; p). 
Proof. This is clear. q 
Lemma 5. For any F > 0 and any natural number n, W( e, n) is open in X’. 
Proof. Let w E W(E, n). Let (xi)ZO be a sequence realizing this a-length for w. For 
each i, let Ui be an open set in X of diameter less that E such that w([x,_, , Xi]) E Ut. 
Then n:=, {cEX’IU([X~_~, x,]) c_ Ui} is a basic open set in X’ containing o and 
contained in W(E, n), completing the proof. 0 
The proofs of the next four lemmas are easy. 
Lemma 6. UT=‘=, W(e, n)=X’ and lJTzp=, W(E, n;p)=X’(p). 
Lemma 7. IfX is arcwise connected, then lJz==, E( W( E, n; p)) = X. 
Lemma 8. Each E ( W( E, n; p)) is an analytic set. 
Lemma 9. If o is a path in X of e-length s n and h is a homeomorphism of X within 
6 of the identity, then (h 0 w) is a path in X of (E +26)-length s n. 
The Eflros Theorem 
By now, the Effros Theorem is a standard (and profoundly powerful) tool for 
the study of homogeneous continua. It is stated in the form in which it is needed 
here, not in its full generality. 
Effros’ Theorem. Let X be a homogeneous continuum, H the group of homeomorphisms 
of X with the compact-open topology, and x E X. Then the evaluation map e, : H + X 
dejned by e,(h) = h(x) is continuous and open. 
Proof. This is a special case of Theorem 2.1(l) of [2, p. 391 when there is only one 
orbit. 
Let X be a homogeneous continuum and H its homeomorphism group. If A c X 
and U c H, then define UA = {h(u) 1 h E U and a E A}. 
What we shall actually use is the: 
Corollary to Effros’ Theorem. Zf X is a homogeneous continuum, H its homeomorphism 
group, and U is open in H, then for any A c X, UA is open in X. 
Proof. 
UA=,I? U(a)= U e,(U). 
atA 
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The main result 
We can now state and prove the following. 
Theorem. Every homogeneous, arcwise connected continuum is connected by uniformly 
short paths. 
Proof. This proof has several parts, which are going to be listed as additional 
Lemmas. Throughout, X is a homogeneous, arcwise connected continuum; p a fixed 
point in X, E > 0, and (.s,J~=, is a strictly increasing sequence of positive reals 
converging to e. (e.g., .zk = F( 1 - l/(k+ 1))). H is the homeomorphism group of X 
with supremum metric. 
Lemma 10. There exists a natural number n such that E ( W( e, n; p)) is second category. 
Proof. X is not a countable union of first category sets. Apply Lemma 7. q 
Lemma 11. If E( W(E, n; p)) is second category then there exists m such that, for 
every k > m, E( W( ek, n; p)) is second category. 
Proof. E( W(E, n;p)=U,yS1 E( W( &k, n; p)). The Baire Category Theorem again 
yields that for some m, E ( W( e,, n; p)) is second category. The rest follows since 
E( W(&k, n; p)), k= 1, 2,. . . is an increasing sequence of sets. 0 
Lemma 12. Let n be a natural number such that E( W(e, n; p)) is second category in 
X. Then E( W( E, n; p)) is contained in the interior of E( W( E, 3n; p)). 
Proof. Let x E E( W(e, n; p)). We shall prove that x is an interior point of 
E( W( E, 3n; p)). Let w be a path from p to x of E-length in. Then, for some k, w 
has &,-length S n and E ( W( &k, n; p)) has nonempty quasi-interior. Let y be a point 
in the quasi-interior of E( W(&k, n; p)), and choose 6 > 0 small enough to satisfy 
the following two conditions: 
(i) The &neighborhood of y is contained, except for a first category subset, in 
E(W(ak, n; PI). 
(ii) S<$(.S--&~). 
Let U be the S-neighborhood of the identity in H. Then UE( W(&k, n; p)) is an 
open set, by the corollary to the Effros Theorem. It remains to be shown that 
uE( W(% n; P)) C E( W(E, 3n; P)). 
Let qE uE( W(Ek, n; p)). Then there is an h E U such that q E h( E( W( &k, n; p))), 
and so h-‘(q) E E( W(E~, n; p)). Further, since h is within 6 of the identity, by 
condition (i) on 6 it follows that E( W( ek, n; P)) n h(E( W(Ekp n; P))) # 0 (see 
[l, Lemma 2, p. 3921). Let z belong to this intersection. Then z E E ( W(&k, n; p)) 
and h-‘(z) E E( W)(&k, n; p)). Let o, a, and T be paths of &,-length S n from p to 
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z, from h-‘(z) to p, and from p to h-‘(q), respectively. Then o, h 0 a, and h 0 r are 
paths from p to z, from z to h(p), and from n(p) to q, respectively. Since 8 <+( E - Ed), 
by Lemma 9 it follows that each of these has e-length sn. By Lemma 3, 
(w*h 0 o)*h 0 T is a path from p to q of &-lengthc3n, so that q E E( W(E, 3n; p)), 
and the proof of Lemma 12 is done. 
Returning to the proof of the Theorem, choose m such that E( W( E, m; p)) has 
nonempty quasi-interior. Then 
x = fi E( W(&, n; p)) = fi E( W(F, 3k-’ . m; p)) 
II=, k=l 
s,il, Int(E(W&,3k. m;~))), 
this latter being an ascending union of open sets. By compactness, there exists k 
such that XG Int(E( W(F, 3k. m; p))); hence E( W(E, 3k. m; p)) =X. Con- 
sequently, for any y in X, there is a path joining p and y of s-length at most 3k * m. 
Juxtaposing two of these, any two points of X can be joined by a path of s-length 
at most 2 . 3k . m. Thus, X is c.u.s.P., as required. 
Questions. (1) Is every homogeneous arcwise connected continuum uniformly path 
connected? 
(2) More generally, are connectedness by uniformly short paths and uniform 
path connectedness equivalent for all continua? 
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